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Abstract.
Pattern matching techniqueslike matchedfiltering will be used for online extraction

of gravitational wave signalsburied inside detectornoise. This involves crosscorrelating
the detectoroutput with hundredsof thousandsof templatesspanninga multi-dimensional
parameterspace,which is veryexpensivecomputationally. A fasterimplementationalgorithm
wasdevisedby MohantyandDhurandhar[1996]usingahierarchyof templatesover themass
parameters,which speededup theprocedureby about25 to 30 times.We show thata further
reductionin computationalcost is possibleif we extendthe hierarchyparadigmto an extra
parameter, namely, the time of arrival of the signal. In the first stage,the chirp waveform is
cut-off at a relatively low frequency allowing thedatato becoarselysampledleadingto cost
saving in performingthe FFTs. This is possiblebecausemostof the signalpower is at low
frequencies,andthereforethe advantagedueto hierarchyover massesis not compromised.
Resultsare obtainedfor spin-lesstemplatesup to the secondpost-Newtonian (2PN) order
for a singledetectorwith LIGO I noisepower spectraldensity. We estimatethat the gain in
computationalcostoveraflat searchis about100.
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1. Introduction

Massive compactbinary systemsconsistingof neutronstars(up to a distanceof 20 Mpc)
or black-holes(up to 200 Mpc) rangingin massesfrom � 0.5 �
	 to � 10.0 �
	 areone
of themostpromisingsourcesfor largescalelaserinterferometricdetectorsfor gravitational
waves(GW). Few minutesbeforethefinal merger, theGW frequency of suchsourceswill lie
within thebandwidthof thedetectors.TheexpectedGW waveformof thesesourcesis known
adequatelyto allow patternmatchingtechniqueslike matchedfiltering to be usedfor signal
extraction.

However matchedfiltering is computationallyquite expensive, since hundredsof
thousandsof templatesmustbe usedto searchthe multidimensionalparameterspace.The
hierarchicalsearchalgorithmof MohantyandDhurandhar[1] whichemployedahierarchyof
templatesover themassparametersachieveda significantimprovementin cuttingdown the
costby a factorbetween25 and30. In this paperwe explorethepossibilityof extendingthe
hierarchicalparadigmto anextradimension- thetimeof arrival of thesignal.Thisis achieved
by usingtheideaof decimatingthesignalin time (proposedbeforein [2] but not workedout
in detail).This reducesthecomputationalcostby abouta factorof 100over the1-stepsearch
describedin Section2 for asingledetectorwith LIGO I noisepowerspectraldensity.

2. The 1-step search

In thestationaryphaseapproximation,theFourier transform
���
����

of thespin-lessrestricted
secondorderpost-Newtonian(2PN)waveformup to aconstantfactor� , is givenby���
������ � �����������! �"$#&%('*) +,'.-&/10324
5��687:9<;=��>?9

(1)

where
7

is thetotal massof thebinarysystem,
;

is theratio of thereducedmassto thetotal
mass,

-&/
is theinitial phaseatsomefiducial frequency

� � , and
�

is thefrequency. � depends
on [3] themasses,thedistanceto thebinariesand

� � .
The function

24
5��687:9<;=�
describesthe phaseevolution of the inspiral waveformandis

givenby, 24
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(2)

Thekinematicalparameters

cDF/d98-&/!�

donotdeterminetheshapeof thewaveformandcan
betreatedvery simply in thematchedfiltering procedure[4]. In what follows, theparameter
spacewill explicitly referto thespaceof dynamicalparametersthatdeterminethephase,and
thustheshapeof thewaveform. For the2PNcase,it is thetwo dimensionalspacedescribed
by

7feJgihj;
. In orderto facilitatetheanalysisonechoosesa new setof parametersk / and k N

in which themetricdefinedover theparameterspace[5] is approximatelyconstant.They are
relatedto

7
and

;
by

k /&� SB SKU ;=� � 
 ) 7C� � � �MLF��N 9 k N � HIK;=� � 
 ) 7l� � � �M]F��N a (3)
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Figure 1. Left panelshowstheparameterspacefor 2PNwaveformsin monqpsr�nqtvu spacefor binary
massesin therangew!x y{z}|*~�����r����A~��syTx y{z}| . Thefiducial frequency is setto � �1��� y�x y
Hz for this figureandtheareais �Tx������v� � . Shown on theright panelis a schematicof discrete
templateplacementusinghexagonalclosedpacking(hcp). Thespacingbetweenneighboring
templatesis very small comparedto thetotal area,andthuswe canextendthemethodto the
wholeparameterspace.

In thesenew co-ordinatestheparameterspaceis wedgeshapedasshown in the left panelof
Figure1.

A straightforward implementationof matchedfiltering involvesconstructinga discrete
latticeof normalizedtemplatesover theparameterspaceandcomputingcorrelationswith the
detectoroutput. The bandwidthover which the correlationsarecomputedin the frequency
space,is taken from the seismiclower cutoff frequency

�J�
to a uppercutoff frequency

� � .
For theLIGO laboratoryacceptednoisePSD[6], we set

����� G ^?�$� and
�T�Y��I ^K^b�$�

. The
maximumof the correlationoutputis comparedwith the threshold

; ] (we put the subscript
‘2’ because

; ] will beusedasthesecondstagethresholdin thehierarchicalschemedescribed
later)which dependson a pre-decidedfalsealarmrateusuallysetat oneperyear. The false
alarmratewe assumehereis for onedetectoronly. If the datais sampledat

B ^ + I �$�
, the

noiseassumedto bea Gaussianstationaryprocessandthenumberof templates� H\^J�
then

the threshold
; ],� I a B

. Detectionis announcedif the maximumcorrelationexceedsthis
threshold.

Thedegreeof discretizationof templatesis governedby a maximummismatchbetween
thesignalandthefilter, which is takento be GR� (correspondingto a maximumlossof event
rateof

Hd^ � ). Themismatchin termsof theparameters

 k /\9 k N � is encodedin theambiguity

function � 
�� k /\9<� k N � . Actually � alsodependsweaklyontheposition

 k /\9 k N � , but weignore

its effect in the presentanalysis.We usethe mostefficient hexagonalclosedpacking(hcp)
tiling for placingthe templatesasshown in Figure1 (right panel),with a packingfraction
of
I GV� . This leadsto 17000 templatesfor LIGO I noisePSD and for a massrangeofH a ^ ' G ^ a ^ �
	 . Samplingat

B ^ + I ���
with adatatrain

S�H B
seclongto allow for Q S � padding,

thenumberof pointsin thedatatrain is
B ] /

. Theonline speedrequiredto cover thecostof
FFTsamountsto 2.54 G-Flopsusing this 1-stepimplementationof matchedfiltering. The
requiredspeedrisesto about15 G-Flopsif theminimummassof themassrangeis reduced
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to
^ a S �
	 andto about150G-Flopwhentheminimummassis

^ a B �
	 .

3. Extended hierarchical search

Thehierarchicalschemeasgivenin [1] involvesparsingthedatathroughtwo templatebanks
insteadof one. The basicidea is to usea coarsebankof templatesin the first stagealong
with a lower threshold.This allows the parameterspaceto be scannedwith lessnumberof
templates.However the lower thresholdleadsto a largenumberof falsealarmswhich must
bethenfollowedup with afinebank(maximummismatchGR� ) search.

3.1. Methodology

The above ideacanbe extendedto includethe time of arrival of the signal- by cutting off
thechirp at a lower frequency

�\�(�` ¢¡�£
andre-samplingit at a lower Nyquist ratein thetrigger

phaseof a two stepimplementationof matchedfiltering. This is possiblebecausetheinspiral
signalcontainsmostof thesignalpower at lower frequencies( thepower spectrumscalesas¤¤¤ ���
���� ¤¤¤ ]�¥ � ������N

) andthuswe do not losemuchof theSNR.ThefractionalSNRthatcanbe
recoveredin this caseis givenby ¦=§�¨ 
5�\�(�` ¢¡�£i�?�:©ª
5�\�(�` ¢¡�£i��«J©ª
��T�J�

, where©ª
��T�(�` ¬¡�£��?�CB?­4®5¯±°5²´³¶µ®5· ¸
�� ����Nª¹Zº 
5��� 9»���&¼½�T�(�` ¬¡�£¿¾À�T� a

(4)

In the left panelof Figure 2 we have plotted the relative SNR as a function of the cutoff
frequency. As canbeclearlyseen,a significantfractionof thesignalpower canberecovered
from a relatively smallvalueof

�T�(�` ¬¡�£
. Specifically, for

�\���v ¢¡�£Á�PB SKU?���
, almost

W B � of the
SNRcanberecovered.Sincenot too muchof theSNRis lost, thehierarchyover themasses
[7] is not compromisedtooseverely.

Themostobviousadvantageof loweringtheNyquistratein thefirst stageis thatwehave
fewer points to contendwith in computingthe FFTs(the costof FFTsscaleas ÂCÃ¢ÄVÅ ] Â ),
leadingto reductionin cost. For example,

�\�(�` ¢¡�£Æ� B SJUb�$�
reducesthe samplingrate to

a quarter, reducingthe cost of FFTs by almost the samefactor. Secondly, the ambiguity
functionbecomeswider therebyreducingthenumberof templatesusedin thefirst stageand
reducingthecost.

Thefirst stagethreshold
; [ is setby strikingabalancebetweenthetwo opposingeffects;

(i)
; [ mustbelow enoughto allow coarsestpossibleplacementof triggerstagetemplatesso

thatthefirst stagecomputationalcostis minimised,(ii)
; [ mustbehighenoughto reducethe

numberof falsecrossings,sothatthesecondstagecostis reduced.
By choosing

; [ optimally, the total computationalcostarisingfrom both the stagesis
minimized.

3.2. Computational cost of the EHS

We considerdatatrains of length
S�H B�Çv�ÉÈ

which accommodatechirps of maximumlengthWRS Ç`�sÈ
with sufficientpaddingcorrespondingto minimummasslimit of

H a ^ �Ê	 . We consider



EHS
�

algorithm for detection of gravitational waves 5

0 100 200 300 400
0

0.2

0.4

0.6

0.8

1

f
cutoff

 (Hz)

F
ra

ct
io

na
l S

N
R

−0.5 −0.25 0 0.25 0.5
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

τ
0
 (sec)

τ 3 (
se

c)

Figure 2. The left panelshows the fraction of signal to noiseratio (SNR) extractedas a
function of the cut off frequency �<ËcÌFÍ¬Î�Ï . The SNR is normalizedto 1 for ��ËcÌFÍ±Î�Ï � ��ÐEÑ�Ò .
The right panelshows the ÓÔm¬ÕÖn p r5ÕÖn t u � yTx �!y contoursalong with the largestinscribed
rectangleusedin thetriggerstageof EHSalgorithmfor �<ËcÌqÍ±Î�Ï �Ø× �!Ù{Ñ�Ò . Theellipseinside
therectangleis thatusedby 1-stepsearchto tile thespaceandis givenfor comparisonof the
areas.

first andsecondstagesamplingfrequenciesof
S�H B �$�

and
B ^ + I ���

respectively. The cutoff
frequency in the first stageis setat

�T�(�` ¬¡�£Ú�ÛB SKU?���
. Thusthe datapoints to be processed

are
B [�Ü

and
B ] /

for thecoarseandfine banksrespectively. Thesecondstagethresholdis set
at
; ]�� I a B

asbefore(seeSection2) for a falsealarmrateof oneper year. The signalsof
minimal strengththat canbe observed, assuminga minimum detectionprobability of

WRS �
and GR� mismatchbetweentemplatesturnsout to be

W a H Q . Thefirst stage¦=§Ý¨ for theabove
mentionedcutoff canbecalculatedto be

W B � of 9.17which is 8.44. It is foundthatthetotal
costis minimizedfor

; [_Þ U
. Again, assuminga minimum detectionprobabilityof

WRS � in
thefirst stageitself, theambiguityfunctioncanbeallowedto dropto

U a Q S whichis about
I ^ �

of its maximumvalue. This large drop allows for very big tiles asshown in the right panel
of Figure2. However, the awkward shapeof thesetiles makestiling the parameterspacea
difficult proposition.Wesurmountthis problemby cuttingout thelargestinscribedrectangle
asshown in the samefigure which hasan areaof

^ a ^VS Çv�ÉÈ ]
. This is � SK^

timeslarger than
theareaof secondstagetiles. Combiningthefirst andsecondstagecosts,therequiredonline
speedis thenestimatedat 19.54M-Flops,giving a gainfactorof about130over theonestep
search.

4. Discussion

We have shown thata threedimensionalhierarchicalsearchfor gravitationalwavesemitted
by inspiraling compactbinaries is a highly promising proposition. We have obtaineda
computationalcost reductionfactor of about130 for an ideal search,when the parameter
spacecanbeoptimally tiled by thefirst stagetemplaterectangles.Howeverdueto boundary
effects this factorcanbedrasticallyreduced.As canbeseenin Figure3, theparameterspace
taperstowardsthelow massendwherethetiling becomesinefficient. Mostof thetilesgo‘out’
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Figure 3. The left panel shows a possibleschematiclay-out of first stagetemplatesfor
implementingthe EHS algorithm. Note that far too many templateshave to be usedin the
first stageto cover the parameterspace,due to inefficient tiling. The effect is mostsevere
towardsthetaperinglow massendof theparameterspace.Theright panelshows thedetails
of first stagetemplateplacementat a higherresolution.The dashedline in this figure is the
parameterspaceboundary.

of the deemedparameterspace.It is estimatedthat this cancut down the above mentioned
gainfactorby about

SK^ � . Theseeffectsbecomelesspronouncedwhenthe lower masslimit
of themassrangeis reduced.We expectto recover thegainfactorto about100,if the lower
masslimit is reducedto lessthan

^ a S �
	 .
Thesecondimportanteffect,affectingthegainfactor, will comefrom therotationof the

first andsecondstagetilesandalsothedifferentialrotationbetweenthem.Theseeffectshave
still to betakeninto accountandwill bethethrustof our futureinvestigations.However, we
do notexpectthis effect to alterthegainfactorverymuch.
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