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Abstract.

Pattern matching techniqueslike matchedfiltering will be usedfor online extraction
of gravitational wave signalsburied inside detectornoise. This involves crosscorrelating
the detectoroutputwith hundredsof thousandsf templatesspanninga multi-dimensional
parametespacewhichis very expensve computationallyA fasterimplementatioralgorithm
wasdevisedby MohantyandDhurandhaf1996] usinga hierarchyof templatesoverthemass
parametersyhich speededip the procedureby about25 to 30 times. We show thata further
reductionin computationakostis possibleif we extendthe hierarchyparadigmto an extra
parameternamely the time of arrival of the signal. In thefirst stage the chirp waveformis
cut-off ata relatively low frequeng allowing the datato be coarselysampledeadingto cost
saving in performingthe FFTs. This is possiblebecausamostof the signal power is at low
frequenciesandthereforethe advantagedueto hierarchyover massess not compromised.
Resultsare obtainedfor spin-lesstemplatesup to the secondpost-Nevtonian (2PN) order
for a singledetectorwith LIGO | noisepower spectraldensity We estimatethatthe gainin
computationatostover aflat searchis about100.
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1. Introduction

Massve compactbinary systemsconsistingof neutronstars(up to a distanceof 20 Mpc)
or black-holes(up to 200 Mpc) rangingin massesrom ~ 0.5 Mg to ~ 10.0 M areone
of the mostpromisingsourcedor large scalelaserinterferometricdetectordor gravitational
waves(GW). Few minutesbeforethefinal meiger, the GW frequeng of suchsourcewill lie
within thebandwidthof the detectorsThe expectedGW waveformof thesesourcess known
adequatelyto allow patternmatchingtechniquedik e matchedfiltering to be usedfor signal
extraction.

However matchedfiltering is computationally quite expensve, since hundredsof
thousandof templatesnustbe usedto searchthe multidimensionalparametespace. The
hierarchicakearchalgorithmof MohantyandDhurandhaf1] which employedahierarchyof
templatesover the massparameterschiezed a significantimprovementin cutting down the
costby afactorbetweer25 and30. In this paperwe explore the possibility of extendingthe
hierarchicaparadignto anextradimension thetime of arrival of thesignal. Thisis achieved
by usingthe ideaof decimatingthe signalin time (proposedeforein [2] but not worked out
in detail). Thisreduceghe computationatostby abouta factorof 100overthe 1-stepsearch
describedn Section2 for a singledetectomwith LIGO | noisepower spectraldensity

2. The 1-step search

In the stationaryphaseapproximationthe Fouriertransformh(f) of the spin-lessrestricted
secondorderpost-Nevtonian(2PN)waveformup to a constanfactor\/, is givenby

R(f) = Nf P expi | =% — Do+ U (f; M) (1)

whereM is thetotal massof the binary systemy; is theratio of thereducednassto thetotal
mass @, is theinitial phaseat somefiducial frequengy f,, andf is thefrequeng. N depends
on [3] themassesthedistanceo the binariesand f,.

Thefunction ¥ (f; M, n) describeghe phaseevolution of the inspiral waveformandis
givenby,

W(fs M) = 2t oo (M) (S50 4 ) (ma )
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Thekinematicalparameterst,, ®,) do notdeterminghe shapeof thewaveformandcan
betreatedvery simply in the matchediltering procedurd4]. In whatfollows, the parameter
spacewill explicitly referto the spaceof dynamicalparametershatdeterminghe phaseand
thusthe shapeof the waveform. For the2PNcasejt is thetwo dimensionakpacedescribed
by M and . In orderto facilitatethe analysisonechooses new setof parameters, andr;
in whichthe metricdefinedoverthe parametespacq5] is approximatelyconstant.They are
relatedto M andn by
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Figurel. Left panelshovstheparametespacdor 2PNwaveformsin (7o, 73) spacedor binary
massei therangel.0 Mg < my,ms < 30.0 Mg. Thefiducial frequeng is setto f, = 40.0

Hz for this figure andthe areais 8.5 sec?. Shovn ontheright panelis a schematiof discrete
templateplacementisinghexagonalclosedpacking(hcp). The spacingbetweemeighboring
templateds very small comparedo the total area,andthuswe canextendthe methodto the
whole parametespace.

In thesenew co-ordinateghe parametespaceas wedgeshapedasshawn in theleft panelof
Figurel.

A straightforward implementatiorof matchedfiltering involvesconstructinga discrete
lattice of normalizedemplatesverthe parametespaceandcomputingcorrelationswith the
detectoroutput. The bandwidthover which the correlationsare computedn the frequeny
space,is taken from the seismiclower cutoff frequeng f, to a uppercutoff frequeng f..
For the LIGO laboratoryacceptedoisePSD[6], we set f, = 30 Hz and f, = 800 Hz. The
maximumof the correlationoutputis comparedwith the thresholdr, (we put the subscript
‘2" becausey, will beusedasthe secondstagethresholdn the hierarchicaschemelescribed
later) which depend®n a pre-decidedalsealarmrate usuallysetat oneperyear Thefalse
alarmrate we assumehereis for one detectoronly. If the datais sampledat 2048 Hz, the
noiseassumedo be a Gaussiarstationaryprocessandthe numberof templates~ 10* then
the thresholdn, ~ 8.2. Detectionis announcedf the maximum correlationexceedsthis
threshold.

The degreeof discretizatiorof templateds governedby a maximummismatchbetween
the signalandthefilter, which is takento be 3% (correspondingo a maximumlossof event
rateof 10%). The mismatchin termsof the parametergry, 3) is encodedn the ambiguity
functionH(Ary, A73). Actually # alsodependsveaklyontheposition(r, 73), but weignore
its effect in the presentanalysis. We usethe mostefficient hexagonalclosedpacking(hcp)
tiling for placingthe templatesasshovn in Figure 1 (right panel),with a packingfraction
of 83%. This leadsto 17000templatesfor LIGO | noise PSD and for a massrange of
1.0 — 30.0 M. Samplingat2048 Hz with adatatrain 512 seclongto allow for 75% padding,
the numberof pointsin the datatrain is 22°. The online speedrequiredto cover the costof
FFTsamountsto 2.54 G-Flopsusing this 1-stepimplementationof matchedfiltering. The
requiredspeedisesto aboutl5 G-Flopsif the minimum massof the massrangeis reduced
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to 0.5M andto about150 G-Flopwhenthe minimummasss 0.2 M.

3. Extended hierarchical search

Thehierarchicakschemeaasgivenin [1] involvesparsingthe datathroughtwo templatebanks
insteadof one. The basicideais to usea coarsebankof templatesn the first stagealong
with a lower threshold. This allows the parametespaceto be scannedvith lessnumberof
templates.However the lower thresholdleadsto a large numberof falsealarmswhich must
bethenfollowedup with afine bank(maximummismatch3%) search.

3.1. Methodology

The above ideacanbe extendedto include the time of arrival of the signal- by cutting off
the chirp atalower frequeny f...og andre-samplingt at alower Nyquistratein thetrigger
phaseof atwo stepimplementatiorof matchediltering. Thisis possiblebecausé¢heinspiral
signalcontainsmostof the signalpower at lower frequencieg the power spectrumscalesas
‘ﬁ(f) |2 o f~7/3) andthuswe do notlosemuchof the SNR. The fractional SNR thatcanbe
recoveredin this caseis givenby SNR( feutot) = I (feusort) /L (f), Where

feutoft d
I(fcutoff):2‘/fs T‘Sf,h(f): fs<fcutoﬁ"§fu- (4)

In the left panelof Figure 2 we have plotted the relatve SNR as a function of the cutoff
frequeng. As canbeclearly seena significantfractionof the signalpower canberecovered
from arelatively smallvalueof f....q. Specifically for f...ox = 256 Hz, almost92% of the
SNRcanberecovered.Sincenottoo muchof the SNRis lost, the hierarchyover the masses
[7] is notcompromisedoo severely

Themostobviousadwantageof loweringthe Nyquistratein thefirst stages thatwe have
fewer pointsto contendwith in computingthe FFTs (the costof FFTsscaleas NV log, V),
leadingto reductionin cost. For example, f.uor = 256 Hz reducesthe samplingrate to
a quarter reducingthe costof FFTs by almostthe samefactor Secondly the ambiguity
functionbecomewider therebyreducingthe numberof templatesusedin the first stageand
reducingthe cost.

Thefirst stagethresholdy, is setby striking abalancebetweerthetwo opposingeffects;
(i) m; mustbelow enoughto allow coarsespossibleplacemenbf trigger stagetemplateso
thatthefirst stagecomputationatostis minimised,(ii) ; mustbe high enoughto reducethe
numberof falsecrossingssothatthe secondstagecostis reduced.

By choosingn; optimally, the total computationakostarising from both the stagess
minimized.

3.2. Computational cost of the EHS

We considerdatatrains of length 512 sec which accommodatehirps of maximumIength
95 sec with sufficient paddingcorrespondingo minimummasdimit of 1.0 M. We consider
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Figure 2. The left panelshavs the fraction of signalto noiseratio (SNR) extractedasa
function of the cut off frequeny fcutor. The SNRis normalizedto 1 for feuor = fu Hz.
The right panelshaws the H(A7, Am3) = 0.80 contoursalongwith the largestinscribed
rectangleusedin thetrigger stageof EHS algorithmfor feyto = 256 Hz. Theellipseinside
therectanglds thatusedby 1-stepsearcho tile the spaceandis givenfor comparisorof the
areas.

first and secondstagesamplingfrequenciesof 512 Hz and 2048 Hz respectrely. The cutoff
frequeng in thefirst stageis setat f...or = 256 Hz. Thusthe datapointsto be processed
are2'® and2?° for the coarseandfine banksrespectiely. The secondstagethresholdis set
atn, ~ 8.2 asbefore(seeSection2) for a falsealarmrate of oneperyear The signalsof
minimal strengththat can be obsened, assuminga minimum detectionprobability of 95%
and3% mismatchbetweertemplatesurnsoutto be9.17. Thefirst stageSNR for theabove
mentionedcutoff canbe calculatedo be 92% of 9.17whichis 8.44. 1t is foundthatthetotal
costis minimizedfor n;, & 6. Again, assuminga minimum detectionprobability of 95% in
thefirst stageitself, theambiguityfunctioncanbeallowedto dropto 6.75 whichis about’80%
of its maximumvalue. This large drop allows for very big tiles asshawvn in the right panel
of Figure2. However, the awkward shapeof thesetiles makestiling the parametespacea
difficult proposition.We surmounthis problemby cuttingout the largestinscribedrectangle
asshown in the samefigure which hasan areaof 0.05 sec?. Thisis ~ 50 timeslarger than
theareaof secondstagetiles. Combiningthefirst andsecondstagecosts therequiredonline
speeds thenestimatecht 19.54M-Flops, giving a gainfactorof about130overthe onestep
search.

4. Discussion

We have shavn that a threedimensionahierarchicalsearchfor gravitational wavesemitted
by inspiraling compactbinariesis a highly promising proposition. We have obtaineda
computationalcostreductionfactor of about130 for an ideal search,whenthe parameter
spacecanbe optimally tiled by the first stagetemplaterectanglesHowever dueto boundary
effects this factorcanbedrasticallyreduced As canbe seenin Figure3, the parametespace
taperdowardsthelow massndwherethetiling becomesnefficient. Mostof thetilesgo‘out’
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Figure 3. The left panelshans a possibleschematiclay-out of first stagetemplatesfor
implementingthe EHS algorithm. Note that far too mary templateshave to be usedin the
first stageto cover the parameteispace,dueto inefficient tiling. The effect is mostsevere
towardsthe taperinglow massendof the parametespace.Theright panelshavs the details
of first stagetemplateplacementt a higherresolution. The dashedine in this figureis the
parametespaceboundary

of the deemedparametespace.lt is estimatedhat this cancut down the above mentioned
gainfactorby about50%. Theseeffectsbecomdesspronouncedvhenthelower masslimit
of themassrangeis reduced.We expectto recover the gainfactorto about100, if the lower
masdimit is reducedo lessthan0.5 M.

Thesecondmportanteffect, affectingthe gainfactor will comefrom therotationof the
first andsecondstagetiles andalsothe differentialrotationbetweerthem. Theseeffectshave
still to betakeninto accountandwill bethethrustof our future investigationsHowever, we
do not expectthis effectto alterthegainfactorvery much.
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